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Abstract
A generic Lagrangian, in arbitrary spacetime dimension, describing the inter-
action of a graviton, a dilaton and two antisymmetric tensors is considered. An
isotropic p-brane solution consisting of three blocks and depending on four param-
eters in the Lagrangian and two arbitrary harmonic functions is obtained. For
specific values of parameters in the Lagrangian the solution may be identified with
previously known superstring solutions.
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1 Introduction
Recent remarkable developments in superstring theory lead to the discovery that five
known superstring theories in ten dimensions are related by duality transformations and
that there are alsoM-theory in 11d and F -theory in 12d that are useful in the study of the
moduli space of quantum vacua [1] -[6]. Duality requires the presence of extremal black
holes in the superstring spectra. A derivation of the Bekenstein-Hawking formula for the
entropy of certain extremal black holes was given using the D-brane approach [7]-[15]. In
all these developments the study of p-brane solutions of the supergravity equations play
an important role [16]-[37].
In this paper we shall consider the following action
I =
1
2κ2
∫
dDx
√−g(R− 1
2
(∇φ)2 − 1
2(q + 1)!
e−αφF 2q+1 −
1
2(d+ 1)!
eβφG2d+1), (1.1)
It describes the interaction of the gravitation field gMN with the dilaton φ and with
two antisymmetric fields: Fq+1 is a closed q + 1-differential form and Gd+1 is a closed
d+ 1-differential form. Various supergravity theories contain the terms from (1.1).
The aim of this paper is to present a solution of (1.1) with the metric of the form
ds2 = H−2a11 H
−2a2
2 ηµνdy
µdyν +H−2b11 H
−2a2
2 δnmdz
ndzm +H−2b11 H
−2b2
2 δαβdx
αdxβ, (1.2)
where ηµν is a flat Minkowski metric,
µ, ν = 0, ..., q − 1; m,n = 1, 2, ..., d− q,
and
α, β = 1, ..., D − d.
For definitness we assume that D > d ≥ q.
The parameters ai and bi in the solution (1.2) are rational functions of the parameters
in the action (1.1):
a1 =
2q˜
α2(D − 2) + 2qq˜ , a2 =
α2(D − 2)
α2d(D − 2) + 2d˜q2 (1.3)
b1 = − 2q
α2(D − 2) + 2qq˜ , b2 = −
α2d(D − 2)
d˜[α2d(D − 2) + 2d˜q2] (1.4)
where
d˜ = D − d− 2, q˜ = D − q − 2. (1.5)
Our solution (1.2) is valid only if the following relation between parameters in the
action is satisfied
αβ =
2qd˜
D − 2 (1.6)
There are two arbitrary harmonic functions H1 and H2 of variables x
α in (1.2),
∆H1 = 0, ∆H2 = 0. (1.7)
Non-vanishing components of the differential form are given by
Aµ1...µq = hǫµ1...µqH−11 , F = dA, (1.8)
2
BI1...Id = kǫI1...IdH−12 , G = dB, I = 0, ...d− 1. (1.9)
Here ǫ123..,q = 1, ǫ123...d = 1 and h and k are given by the formulae
h2 =
4(D − 2)
α2(D − 2) + 2qq˜ , (1.10)
k2 =
2α2(D − 2)2
d˜[α2d(D − 2) + 2q2d˜] , (1.11)
The dilaton field is
φ =
1
2
βk2 lnH2 − 1
2
αh2 lnH1. (1.12)
We obtain the solution (1.2) by reducing the Einstein equations to the system of algebraic
equations. To this end we introduce a linear dependence between functions in the Ansatz
(see below). The solution (1.2) consists of three blocks, the first block consists of variables
y, another of variables z and the other of variables x and all functions depend only on x.
We shall call it the three-block p-brane solution.
We shall consider also the following ”dual” action
I˜ =
1
2κ2
∫
dDx
√−g(R− 1
2
(∇φ)2 − 1
2(q + 1)!
e−αφF 2q+1 −
1
2(d˜+ 1)!
eβ˜φG2
d˜+1
), (1.13)
where Gd˜+1 is a closed d˜+ 1-differential form. If d˜ is related to d by (1.5) and
β˜ = −β (1.14)
then the solution for the metric (1.2) with the differential form F (1.8) and the dilaton
(1.12) is valid also for the action (1.13). An expression for the antisymmetric field G will
be different, namely
Gα1...αd˜+1 = kHσ11 H
σ2
2 ǫ
α1...αd˜+1β∂βH
−1
2 . (1.15)
here ǫ123..d˜+2 = 1 and
σ1 =
αβh2
2
(1− 1
d˜
), σ2 =
βk2
2
(
1
d˜
− 1) (1.16)
The three-block p-branes solution for the Lagrangian with one differential form for
various dimensions of the space-time was found in [38]. It contains previously known
D=10 case [35, 8]. Equations of motion for the case of one form corresponds to equation
of motion for ansatz (1.2), (1.8) and (1.15) for the dual action (1.13) when α= β and
q = d˜.
Note that the metric (1.2) describes also the solution for the action with the form Fq+1
replaced by its dual Fq˜+1 with q˜ + q+ 2 = D and α→ α˜ = −α. One can also change two
forms F and G to their dual version without changing the metric (1.2).
To illustrate our method on a simple example we first consider in Sect. 3 the simple
case when in (1.1) d = q and one has only two blocks in the metric. Then in Sect. 4
we derive the solution (1.2). In Sect. 5 we consider particular cases of the solution (1.2)
and obtain different known solutions. In Appendix the solution of the system of algebraic
equations is given.
3
2 Two block solution
To illustrate the method of solution in this section we consider the simple case when the
system of algebraic equations can be easily solved. Let us consider the action
I =
1
2κ2
∫
dDz
√−g[R− 1
2
(∂φ)2 − e
−αφ
2(d+ 1)!
F 2d+1 −
eβφ
2(d+ 1)!
G2d+1) (2.17)
The Einstein equations for the action (1.13) read
RMN − 1
2
gMNR = TMN , (2.18)
where the energy-momentum tensor has the form
TMN =
1
2
(∂Mφ∂Nφ− 1
2
gMN(∂φ)
2)
+
1
2d!
e−αφ(FMM1...MdF
M1...Md
N −
1
2(d+ 1)
gMNF
2)+
1
2d!
eβφ(GMM1...MdG
M1...Md
N −
1
2(d+ 1)
gMNG
2) (2.19)
and one has also equations of motion
∂M(
√−ge−αφFMM1...Md) = 0 (2.20)
∂M (
√−geβφGMM1...Md) = 0 (2.21)
∂M(
√−ggMN∂Nφ) + α
2(d+ 1)!
√−ge−αφF 2 − β
2(d+ 1)!
√−geβφG2 = 0 (2.22)
We use the following Ansatz
F = dA, A01...d−1 = γ1eC1(x) (2.23)
G = dB, B01...d−1 = γ2eC2(x) (2.24)
ds2 = e2A(x)ηαβdy
αdyβ + e2B(x)dxidxi, (2.25)
α, β =0,1,...,d-1, ηαβ is a flat Minkowski metric, i, j =d,...,D.
With the above Ansatz equations (2.18) are reduced to the following system of equa-
tions:
(d− 1)∆A+ (d˜+ 1)∆B + d(d− 1)
2
(∂A)2 +
d˜(d˜+ 1)
2
(∂B)2 + (d− 1)d˜(∂A∂B) =
−γ
2
1
4
eαφ−2dA+2c1(∂c1)
2 − γ
2
2
4
eα2φ−2dA+2c2(∂c1)
2 − 1
4
(∂φ)2(2.26)
4
and
−d(∂m∂nA + ∂mA∂nA)− d˜(∂m∂nB − ∂mB∂nB) + d(∂mA∂nB + ∂mB∂nA)
+δmn[d∆A +
d(d+ 1)
2
(∂A)2 + d˜∆B +
d˜(d˜+ 1)
2
(∂B)2 + d(d˜− 1)(∂A∂B)] =
1
2
[∂mφ∂nφ− 1
2
δmn(∂φ)
2]− γ
2
1
4
eαφ−2dA+2C1 [∂mC1∂nC1 − 1
2
δmn(∂C1)
2]
− γ
2
2
4
e−βφ−2dA+2C2 [−∂mC2∂nC2 − 1
2
δmn(∂C2)
2] (2.27)
Here d˜ = D − d− 2. Equations for antisymmetric fields are
∂m(e
−αφ−dA+d˜B+c1∂mc1) = 0 (2.28)
∂m(e
βφ−dA+d˜B+c1∂mc2) = 0 (2.29)
Equation of motion for dilaton
∂m(e
−dA+d˜B∂mφ)− αγ
2
1
2
e−αφ−2dA+2C1(∂mC1)
2
+
βγ21
2
eβφ−2dA+2C2(∂mC2)
2 = 0 (2.30)
We impose the following relations:
dA+ d˜B = 0, (2.31)
− αφ− 2dA+ 2C1 = 0, (2.32)
βφ− 2dA+ 2C2 = 0. (2.33)
Under these conditions equations (2.28), (2.29) and (2.30) take the following forms,
respectively,
∂m(e
−C1∂mC1) = 0, (2.34)
∂m(e
−C2∂mC2) = 0, (2.35)
∆φ − αγ
2
1
2
(∂mC1)
2 +
βγ22
2
(∂mC2)
2 = 0 (2.36)
¿From equations (2.34) , (2.35) and (2.36) we get
∆C1 = (∂C1)
2, (2.37)
5
∆C2 = (∂C2)
2 (2.38)
and
φ = ϕ1C1 + ϕ2C2 (2.39)
with
ϕ1 =
αγ2
2
(2.40)
ϕ2 = −βγ
2
2
(2.41)
Equations (2.32) and (2.33) give
A = a1C1 + a2C2, (2.42)
where
a1 =
β
d(α + β)
, a2 =
α
d(α + β)
, (2.43)
and
φ = ϕ1C1 + ϕ2C2 (2.44)
where
ϕ1 =
2
α + β
, (2.45)
ϕ2 = − 2
α + β
. (2.46)
Comparing (2.40) with (2.45) and (2.41) with (2.46) we conclude that
γ21 =
4
α(α + β)
, γ22 =
4
β(α + β)
. (2.47)
Let us now consider equation (2.27). Since C1 and C2 are two independent functions we
have to have that the terms with ∂mC1∂nC2 vanish, i.e. we have to impose the condition
αβ =
2dd˜
d+ d˜
. (2.48)
Therefore, the Ansatz (2.24) is consistent with the metric (2.25) only under condition
(2.48). Straitforward calculations show that for A, and φ given by (2.42)-(2.43) and (2.44)
in terms of two independent functions C1 and C2, satisfying equations (2.37) and (2.38),
equations (2.26) (2.27) are satisfied if we impose the condition (2.48).
Let us write the metric in terms of two harmonic functions:
H1 = − lnC1, H2 = − lnC2 (2.49)
We finally get
ds2 = H
−
2β
d(α+β)
1 H
−
2α
d(α+β)
2 ηαβdy
αdyβ
+H
2β
d˜(α+β)
1 H
2α
d˜(α+β)
2 dx
idxi (2.50)
6
3 Three block solution
In this secction we consider equations of motion for the action (1.13). The Einstein
equations for the action (1.13) read
RMN − 1
2
gMNR = TMN , (3.1)
where the energy-momentum tensor is
TMN =
1
2
(∂Mφ∂Nφ− 1
2
gMN(∂φ)
2)
+
1
2q!
e−αφ(FMM1...MqF
M1...Mq
N −
1
2(q + 1)
gMNF
2)
+
1
2d˜!
e−αφ(GMM1...Md˜G
M1...Md˜
N −
1
2(d˜+ 1)
gMNG
2) (3.2)
The equation of motion for the antisymmetric fields are
∂M(
√−ge−αφFMM1...Mq) = 0, (3.3)
∂M(
√−ge−βφGMM1...Md˜) = 0, (3.4)
and one has the Bianchi identity
ǫM1...Mq+2∂M1FM2...Mq+2 = 0. (3.5)
ǫM1...Md˜+2∂M1GM2...Md˜+2 = 0. (3.6)
The equation of motion for the dilaton is
∂M(
√−ggMN∂Nφ) + α
2(q + 1)!
√−ge−αφF 2 + β
2(d˜+ 1)!
√−ge−βφG2 = 0. (3.7)
We shall solve equations (3.1)-(3.7) by using the following Ansatz for the metric
ds2 = e2A(x)ηµνdy
µdyν + e2F (x)δnmdz
ndzm + e2B(x)δαβdx
αdxβ , (3.8)
where µ, ν = 0,...,q-1, ηµν is a flat Minkowski metric, m,n=1, 2, ..., r and α, β =1, ..., d˜+2.
Here A, B and C are functions on x; δnm and δαβ are Kronecker symbols.
Non-vanishing components of the differential forms are
Aµ1...µq = hǫµ1...µqeC(x), F = dA (3.9)
Gα1...αd˜+1 =
1√−gke
βφǫα1...αd˜+1γ∂γe
χ, (3.10)
where h and k are constants. The left hand side of the Einstein equations for the metric
(3.8) read
Rµν − 1
2
gµνR = ηµνe
2(A−B)[(q − 1)∆A+ (d˜+ 1)∆B + r∆F
7
+
q(q − 1)
2
(∂A)2 +
r(r + 1)
2
(∂F )2 +
d˜(d˜+ 1)
2
(∂B)2
+ d˜(q − 1)(∂A∂B) + r(q − 1)(∂A∂F ) + rd˜(∂F∂B)], (3.11)
Rmn − 1
2
gmnR = δmne
2(F−B)[q∆A+ (d˜+ 1)∆B + (r − 1)∆F
+
q(q + 1)
2
(∂A)2 +
r(r − 1)
2
(∂F )2 +
d˜(d˜+ 1)
2
(∂B)2
+ d˜q(∂A∂B) + q(r − 1)(∂A∂F ) + d˜(r − 1)(∂F∂B)], (3.12)
Rαβ − 1
2
gαβR = −q∂α∂βA− d˜∂α∂βB − r∂α∂βF
−q∂αA∂βA + d˜∂αB∂βB − r∂αF∂βF
+q(∂αA∂βB + ∂αB∂βA) + r(∂αB∂βF + ∂αF∂βB)
+δαβ [q∆A+ d˜∆B + r∆F +
q(q + 1)
2
(∂A)2 +
r(r + 1)
2
(∂F )2 +
d˜(d˜− 1)
2
(∂B)2
q(d˜− 1)(∂A∂B) + qr(∂A∂F ) + r(d˜− 1)(∂F∂B)]. (3.13)
For more details see [38]. Now one reduces the (µν)-components of (3.1) to the equation
(q − 1)∆A + (d˜+ 1)∆B + r∆F
+
q(q − 1)
2
(∂A)2 +
r(r + 1)
2
(∂F )2 +
d˜(d˜+ 1)
2
(∂B)2
+d˜(q − 1)(∂A∂B) + r(q − 1)(∂A∂F ) + rd˜(∂B∂F ) =
−1
4
(∂φ)2 − h
2
4
(∂C)2e−αφ−2qA+2C − k
2
4
(∂χ)2e2d˜B+βφ+2χ, (3.14)
(nm)-components of (3.1) to the following equation:
q∆A + (d˜+ 1)∆B + (r − 1)∆F
+
q(q + 1)
2
(∂A)2 +
d˜(d˜+ 1)
2
(∂B)2 +
r(r − 1)
2
(∂F )2
+qd˜(∂A∂B) + q(r − 1)(∂A∂F ) + d˜(r − 1)(∂B∂F ) =
− 1
4
(∂φ)2 +
h2
4
(∂C)2e−αφ−2qA+2C − k
2
4
(∂χ)2e2d˜B+βφ+2χ, (3.15)
8
and (αβ)-components to the equation:
−q∂α∂βA− d˜∂α∂βB − r∂α∂βF
−q∂αA∂βA+ d˜∂αB∂βB − r∂αF∂βF + q(∂αA∂βB + ∂αB∂βA)
+r(∂αB∂βF + ∂αF∂βB) + δαβ [q∆A+ d˜∆B + r∆F
+
d˜(d˜+ 1)
2
(∂A)2 +
r(r + 1)
2
(∂F )2
+
d˜(d˜− 1)
2
(∂B)2 + q(d˜− 1)(∂A∂B) + r(d˜− 1)(∂F∂B) + qr(∂A∂F )]
=
1
2
[∂αφ∂βφ− 1
2
δαβ(∂φ)
2]− h
2
2
e−αφ−2qA+2C [∂αC∂βC − δαβ
2
(∂C)2]
− k
2
2
e2d˜B+βφ+2χ[∂αχ∂βχ− δαβ
2
(∂χ)2], (3.16)
where we use notations (∂A∂B) = ∂αA∂αB and D = q + r + d˜+ 2 = d+ d˜+ 2.
The equations of motion (3.4) for a part of components of the antisymmetric field are
identically satisfied and for the other part they are reduced to a simple equation:
∂α(e
−αφ−2qA+C∂αC) = 0. (3.17)
For α-components of the antisymmetric field we also have the Bianchi identity:
∂α(e
αφ+2Bq+χ∂αχ) = 0. = (3.18)
The equation of motion for the dilaton has the form
∂α(e
qA+d˜B+Fr∂αφ)− αh
2
2
e−αφ−qA+qB+rF+2C(∂αC)
2
+
βk2
2
eβφ+2d˜B+2χ(∂αχ)
2 = 0. (3.19)
We have to solve the system of equations (3.14)-(3.19) for unknown functions
A,B, F, C, χ, φ. We shall express A,B, F and φ in terms of two functions C and χ. In
order to get rid of exponents in (3.14)-(3.19) we impose the following relations:
qA+ rF + d˜B = 0, (3.20)
2χ+ 2d˜B + βφ = 0, (3.21)
2C − 2qA− αφ = 0. (3.22)
Under these conditions equations (3.17),(3.18) and (3.19) will have the following forms,
respectively,
∂α(e
−C∂αC) = 0, ∂α(e
−χ∂αχ) = 0, (3.23)
∆φ+
βk2
2
(∂αχ)
2 − αh
2
2
(∂αC)
2 = 0. (3.24)
9
One rewrites (3.23) as
∆C = (∂C)2, ∆χ = (∂χ)2. (3.25)
Therefore (3.24) will have the form
∆φ+
βk2
2
∆χ− αh
2
2
∆C = 0. (3.26)
¿From (3.26) it is natural to set
φ = φ1C + φ2χ, (3.27)
where
φ1 =
αh2
2
, φ2 = −βk
2
2
. (3.28)
¿From equations (3.20), (3.21) and (3.22) it follows that A, B and F can be presented
as linear combinations of functions C and χ:
A = a1C + a2χ, (3.29)
B = b1C + b2χ, (3.30)
F = f1C + f2χ, (3.31)
where
a1 =
4− α2h2
4q
, a2 =
αβk2
4q
, (3.32)
b1 = −αβh
2
4d˜
, b2 =
β2k2 − 4
4d˜
, (3.33)
f1 =
α2h2 + αβh2 − 4
4r
, f2 =
4− αβk2 − β2k2
4r
. (3.34)
Let us substitute expressions (3.27),(3.29)-(3.31) for φ,A,B, F into (3.14)-(3.16). We
get relations containing bilinear forms over derivatives on C and χ . We assume that
the coefficients in front of these bilinear forms vanish. Then we get the system of twelve
quartic equations which is presented and solved in Appendix. The system has a solution
only if α and β satisfy the relation
αβ =
2qd˜
q + r + d˜
(3.35)
In this case h and k are given by the formulae
h = ±
√√√√ 4(q + r + d˜)
α2(q + r + d˜) + 2q(d˜+ r)
, (3.36)
k = ± 2α(q + r + d˜)√
d˜[2α2(q + r)(q + r + d˜) + 4q2d˜]
(3.37)
To summarize, the action (1.13) has the solution of the form (1.2) expressed in terms of
two harmonic functions H1 and H2 if the parameters in the action are related by (5.56)
and the parameters in the Ansatz h and k are given by (3.36),(3.37).
10
4 Discussion and Conclusion
Let us discuss different particular cases of the solution (1.2). There is the relation (1.6)
between parameters α and β in the action (1.1). As a result the action corresponds to
the bosonic part of a supergravity theory only in some dimensions.
If D = 4 and q = d = 1 then one can take α = β = 1 and the action corresponds to
the SO(4) version of N = 4 supergravity. The solution (1.2) takes the form
ds2 = −H−11 H−12 dt2 +H1H2dxαdxα (4.38)
This supersymmetric solution has been obtained in [21].
If α = β and q = d˜ then one has the solution
ds2 = H
2
D−2
1 H
2(D−q−2)
q(D−2)
2 [(H1H2)
−
2
q ηµνdy
µdyν +H
−
2
q
2 dz
mdzm + dxαdxα], (4.39)
This solution was obtained in [38]. It contains as a particular case for d = 10, q = 2 the
known solution [30, 8, 36]
ds2 = H
−
3
4
1 H
−
1
4
2 (−dy20 + dy21)
+H
1
4
1 H
−
1
4
2 (dz
2
2 + dz
2
3 + dz
2
4 + dz
2
5) +H
1
4
1 H
3
4
2 (dx
2
6 + dx
2
7 + dx
2
8 + dx
2
9). (4.40)
This solution has been used in the D-brane derivation of the black hole entropy [7, 8].
Note however that the solution (4.40) corresponds to the action (1.1) with the 3-form F3
and the 7-form G7.
To conclude, a rather general three-block solution of the action (1.1) has been con-
structed. It contains as particular cases many known solutions. However the solution is
not general enough to include some known multi-block solutions. Further work is needed
to understand better the structure hidden behind the multi-block p-brane solutions.
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5 Appendix
We obtain the following system of algebraic equations
−a1 + b1 + q(q − 1)
2
a21 +
r(r + 1)
2
f 21 +
d˜(d˜+ 1)
2
b21
+ d˜(q − 1)a1b1 + r(q − 1)a1f1 + rd˜f1b1 + φ
2
1
4
+
h2
4
= 0; (5.41)
−a2 + b2 + q(q − 1)
2
a22 +
r(r + 1)
2
f 22 +
d˜(d˜+ 1)
2
b22
11
+ d˜(q − 1)a2b2 + r(q − 1)a2f2 + rd˜b2f2 + φ
2
2
4
+
k2
4
= 0; (5.42)
q(q − 1)a1a2 + r(r + 1)f1f2 + d˜(d˜+ 1)b1b2
+ d˜(q − 1)(a1b2 + a2b1) + r(q − 1)(a2f1 + a1f2) + rd˜(f1b2 + f2b1) + φ1φ2
2
= 0; (5.43)
−f1 + b1 + q(q + 1)
2
a21 +
r(r − 1)
2
f 21 +
d˜(d˜+ 1)
2
b21
+ qd˜a1b1 + q(r − 1)a1f1 + d˜(r − 1)f1b1 + φ
2
1
4
− h
2
4
= 0; (5.44)
−f2 + b2 + q(q + 1)
2
a22 +
r(r − 1)
2
f 22 +
d˜(d˜+ 1)
2
b22+
+ qd˜a2b2 + q(r − 1)a2f2 + d˜(r − 1)b2f2 + φ
2
2
4
+
k2
4
= 0; (5.45)
q(q + 1)a1a2 + r(r − 1)f1f2 + d˜(d˜+ 1)b1b2
+ qd˜(a1b2 + a2b1) + q(r − 1)(a2f1 + a1f2) + d˜(r − 1)(f1b2 + f2b1) + φ1φ2
2
= 0; (5.46)
−qa21 − rf 21 + d˜b21+
+ 2qa1b1 + 2rf1b1 − φ
2
1
2
+
h2
2
= 0; (5.47)
−qa22 − rf 22 + d˜b22
+ 2qa2b2 + 2rb2f2 − φ
2
2
2
+
k2
2
= 0; (5.48)
−qa1a2 − rf1f2 + d˜b1b2
+ q(a1b2 + a2b1) + r(f1b2 + f2b1)− φ1φ2
2
= 0; (5.49)
q(q + 1)
2
a21 +
r(r + 1)
2
f 21 +
d˜(d˜− 1)
2
b21
+ q(d˜− 1)a1b1 + r(d˜− 1)b1f1 + rqf1a1 + φ
2
1
4
− h
2
4
= 0; (5.50)
12
q(q + 1)
2
a22 +
r(r + 1)
2
f 22 +
d˜(d˜− 1)
2
b22
+ q(d˜− 1)a2b2 + r(d˜− 1)a2f2 + rqb2f2 + φ
2
2
4
− k
2
4
= 0; (5.51)
q(q + 1)a1a2 + r(r + 1)f1f2 + d˜(d˜− 1)b1b2 + q(d˜− 1)(a1b2 + a2b1)
+ r(d˜− 1)(b2f1 + b1f2) + rq(f1a2 + f2a1) + φ1φ2
2
= 0. (5.52)
Now let us discuss the system of eq. (5.41)-(5.52). The action depends on the param-
eters D,α, β, q, d˜. We have used the parameter r instead of D which is defined from
q + r + d˜+ 2 = D
Therefore our action (1.13) depends on five parameters r, α, β, q, d˜ We have also two
parameters h and k in our Ansatz (3.9),(3.10). We substitute expressions (3.27),(3.28),
(3.32)-(3.34) into (5.41)-(5.52). Then we get the system of twelve quartic equations for
seven unknown variables r, α, β, q, d˜, h and k. Using Maple V we found the solution of the
system of equations (5.41)-(5.52). The solution has the form
k =
√
2q(r + d˜)h2 − 4(q + r + d˜)√
d˜(qrh2 − 2(q + r))
, (5.53)
α =
√
4(q + r + d˜)− 2q(r + d˜)h2
h
√
q + r + d˜
(5.54)
β =
2qd˜h√
(q + r + d˜)[4(q + r + d˜)− 2q(r + d˜)h2]
(5.55)
where r, q, d˜, h are arbitrary. Let us rewrite the solution in terms of parameters in the
action. ¿From equations (5.54) and (5.55) follows that h can be found from equations
(5.41)-(5.52) only if α and β are subjected to the relation
αβ =
2qd˜
q + r + d˜
(5.56)
In this case h2 and k2 are given by the formulae
h2 =
4(q + r + d˜)
α2(q + r + d˜) + 2q(d˜+ r)
, (5.57)
k2 =
2α2(q + r + d˜)2
d˜[α2(q + r)(q + r + d˜) + 2q2d˜]
(5.58)
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